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The Helmoheltz equation has important application in acoustic, electromagnetic and
elastic scattering problems, and has been investigated in many ways. In the area of
numerical method, how to solve the problem that those problems are posed on infinite
domains is always a popular subject. In late work [4][5], Bramble transforms the acoustic
scattering problem on infinite domain to the truncated domain using perfectly matched
layer method (PML). This work will be continent to simulation, however, it also brings
some new problems. The original problem is symmetric with real coefficients, but now is
nonsymmetric with complex coefficients.
We consider the truncated acoustic scattering PML problem and develop an efficient
approximate method based on two-grid method. The method is to solve a small and
complex original problem by standard finite element discretization on a coarse space VH .
Based on the coarse solution uH ∈ VH , we solve a simple problem in the fine space Vh,
which is only have the high order terms of original problem , and get a correction uh ∈ Vh.
We prove the existence and uniqueness and the error bound of optimal order of accuracy
which is consistent with the standard finite element discretization. Finally, some numerical
experiments are performed to support our theoretical claims.



























9 Ω FA?</3-&3-Ωc  Ω !+"/3H:(
:B&/ Dirichlet B&+*,-#$8C> Ωc ("D" u 6G
Δu + k2u = 0, in Ωc, (1.1)
u = g, on ∂Ω, (1.2)
lim
ρ→∞ ρ(∇u · x̂ − iku) = 0, (1.3)











n (θ, ϕ) (1.4)
02h1n  n 9-7 Hankel D"Y mn (θ, ϕ) C$?D"
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#$I/ PML ,2?<,&+*,-#$ E
6.#$
 , (PML) 2K Bérenger[2][3] 8%,%!/D5-%
.=B&#$ ;*JG7K#-Chew Weedon  [7]
8% PML +"@-D6"=6H049Collino
 Monk [8];=L9%A=3-IM PML+PML 1	(
JL7K(&-<-DLE&MB%MFN"+C
CDCI.*C-N=:9O/3	&$5!MOFPEE
&6NG79O/3 1	(&->-; 45 PML
,/M4N-* PML ,GMOPPC PML ,QO%
*Q3R;11HF PML 2K,%!/D#$4=:%
MRQ4I8GSR7+*+
J.H. Bramble 2* PML ++*,-#$=J [4] &H
1%2 PML O*#$%&T1%S/03- inf-sup >@0!	
/% =J;,U'-
$4S .2/0+*,- PML #$(!O
[4])
JL Ω (,-) -?<&3-B& Γ = ∂Ω  Lipschitz- IK (V
Adams [1] >)O  Ω CW-I9 0 < r0 < r1 < r2 < Rt -J;T
7"LJP9 Ωi FAPK/ ri./I O LCQ:3- Ω̄ :
(JL r0 R=0I9!"CGS>7 Ω̄ P9C.8>
7 Ω 29 Ω∞ FA/3Q:3- Ω =42=;"/0,BU
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N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C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3- Ωc :(;-KM"6H ρ̃ = ρ(1+ iσ̃)̃σ 6G3- Ω2−Ω1
UT3- Ωc − Ω2 &63- Ω1 − Ω0 /O
F.:( ρ̃ J#$1.1-1.3,BB"=1.4 ρ ÆW
9197D"/ ũJ ũ 6G+/8C+*,- PML #$
Δ̃ũ + k2ũ = 0,  Ωc(, (1.5)
ũ = g,  ∂Ω(, (1.6)
ũ ,BU&. (1.7)
026;0 Δ̃ X4#$ÆKM6H 108=:(
T"VY1%
6;=J+@% Ω1\Ω 3- ρ̃ = ρ, E2+*,- PML #$
94+*,-#$!E;)/ ũ M ρ → ∞ 5"OPE:
(+VS23-/0/-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10/0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9 α, β, γ  Ω 2]^D"6G
ξtα(x)ξ ≥ α0 | ξ |2, ∀x ∈ Ω, ξ ∈ R2 (1.8)
:$B/#$
L̂υ = −div(α(x)∇υ) + β(x) · ∇υ + γ(x)υ = f(x), x ∈ Ω, υ|∂Ω = 0, γ(x) ≥ 0. (1.9)




α(x)∇u · ∇υdx, Â(u, υ) = A(u, υ) +
∫
Ω
((β(x) · ∇u)υ + γ(x)uυ)dx
+#$ (1.8) '% O*/29 uh ∈ Vh 6G
Â(uh, χ) = (f, χ), ∀χ ∈ Vh. (1.10)
->@+89M h GS452#$%P(.'(
‖ u − uh ‖ +h ‖ u − uh ‖1 h2 ‖ u ‖2 . (1.11)
;X N(υ, χ) = (Â − A)(υ, χ) = (β(x) · ∇υ, χ) + (γυ, χ).
F,1%"$#0
0 1
1. uH ∈ VH , Â(uH , ϕ) = (f, ϕ), ∀ϕ ∈ VH .
2. uh ∈ Vh, A(uh, χ) + N(uH , χ) = (f, χ), ∀χ ∈ Vh.
,O0 1 T"YE=J"++5(P(00
994#$% (.'(
‖ uh − uh ‖1 H2 ‖ u ‖2 . (1.12)
-Y0 1 +RZJ:+
0 2. 9 u0h = 0JL unh ∈ Vh PÆ97NU u
n+1
h ∈ Vh 097
1. eH ∈ VH , Â(eH + unh, ϕ) = (f, ϕ), ∀ϕ ∈ VH .
2. un+1h ∈ Vh, A(u
n+1
h , χ) + N(eH + u
n
h, χ) = (f, χ), ∀χ ∈ Vh.
4I:(+970 2 (.'(
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| ϕ |2dx < ∞},
H1(Ω) = {ϕ ∈ L2(Ω);∇ϕ ∈ L2(Ω)3},
=Lcd"
‖ ϕ ‖0,Ω= (
∫
Ω
| ϕ |2 dx) 12 ,
‖ ϕ ‖1,Ω= (‖ ∇ϕ ‖20,Ω + ‖ ϕ ‖20,Ω)
1
2 , ‖ ϕ ‖0,Ω= (
∫
Ω
| ϕ |2 dx) 12 ,
M ϕ /"/D"5| ϕ | FA.





































_[7>eD5cV [4]: 11" σ0, r1, r2 D" σ̃ ∈ C2(R+)
P6G
σ̃(ρ) = 0, M 0 ≤ ρ ≤ r1,
σ̃(ρ) = σ0, M ρ ≥ r2,
σ̃(ρ) ;T, M ρ ∈ (r1, r2).
:(> ρ̃ = ρ(1 + iσ̃) ≡ ρd̃, dρ̃dρ = 1 + iσ(ρ) ≡ d 02 σ(ρ) = σ̃(ρ) + ρσ̃′(ρ), NUVJ
9 σ  C1(R+) P6G>@
















σ(ρ) = σ0, M ρ ≥ r25,
σρ) > σ̃(ρ), M ρ ∈ (r1, r2)5.
§2.2 &./ PML 01%Ud@VWef
§2.2.1 Dirichlet 01%Ud
:/0+*,- PML #$B&/ Dirichlet B&8C> Ω∞ (
"/D" u 6G
Δ̃ũ + k2ũ = 0,  Ω∞(, (2.1)
ũ = g,  ∂Ω1∞(, (2.2)































+C g ∈ H 12 (∂Ω1∞)9 ĝ /D" g S3- Ω∞ Z[6G ĝ ∈
H1(Ω∞) P Ω0 (]NU#$ (2.1) (3.2)(2.3) d/ ũ = ĝ − ω02
w ∈ H10(Ω∞) 6G
b(ω, χ) = b(ĝ, χ), ∀χ ∈ H10(Ω∞). (2.5)
+2#$ (2.5) %&8%+3- Ω∞ ( inf-sup >@=J+
S [4]
R (2.4) /1=:
b(υ, χ) = N(υ, χ) − A(υ, χ), (2.6)
02




















































(1 + σ̃σ + σ − σ̃)(1 + σσ̃ + σ̃ − σ)
(1 + σ2)2
+ i
2(σ̃ − σ)(1 + σσ̃)
(1 + σ2)2
(2.9)








(1 + iα)] ≥ C > 0. (2.10)
7K+FN α > σ0 C6G 2
:(97
(1 + α2)1/2 | A(υ, υ) |≥| Re[(1 + iα)A(υ, υ)] |‖ υ ‖2H1 . (2.11)
(!!	+O [4].
YZ 2.2.1 A(υ, χ) [\Æ]





∇υ,∇χ) + (∇υ,∇χ). (2.12)
81F(0+9
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